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Abstract 
Fracture toughness of anisotropic rocks can vary with many factors such as 
geological anisotropy, geometrical properties of specimens used in the 
laboratory (e.g., pre-existing crack properties), and loading conditions. This 
fact has been widely acknowledged. Yet the variation in fracture toughness 
remains enigmatic, as there is still lack of a comprehensive study on how 
those influential factors affect fracture toughness behavior of anisotropic rocks. 
The present paper shows a broad-spectrum mixed-mode fracture toughness 
of an anisotropic sandstone from a numerical scheme, which is based on the 
Discrete Element Method (DEM). In this study, a total of 340 semi-circular 
bend (SCB) specimens with various geological and geometrical conditions 
were numerically prepared by systemically varying the orientations of planar 
anisotropy (i.e. incipient bedding plane), as well as the magnitudes of the 
ISRM-suggested geometrical parameters of the SCB specimens (i.e. crack 
length, crack angle, and span length). The numerical model used in the study 
was calibrated against a series of laboratory experiments to select proper 
micro-parameters to reproduce the mechanical characteristics of anisotropic 
Midgley Grit sandstone (MGS). Additionally, four different fracture criteria, 
which are based on stress and strain analysis, and the analysis of energy 
density, were used to predict the mixed-mode fracture behaviour of MGS. 
Numerical findings from this study were compared with experimental 
  
observations (qualitatively) and theoretical predictions (quantitatively). A 
broad agreement was observed in the comparison study.  
1. Introduction 
Hydraulic fracturing has been widely used in the unconventional extraction of 
natural resources, including oil and gas and geothermal energy, for creating 
flow channels/fractures and enhancing permeability of tight rock formations [1]. 
The fracturing process will stimulate the flow of natural resources, thereby 
increasing the volumes that can be recovered. In the fracturing process, a 
controllable and predictable fracture pattern is of significant importance to the 
effective recovery of natural resources [2]. However, the fracture pattern can 
be complex and quite different for different geological settings and stress 
conditions, especially for fractured reservoirs with anisotropic rocks under 
mixed-mode loading conditions, which is therefore, difficult to be fully 
understood. Sustained efforts are therefore, needed for the topic.  
Fracture toughness is an important parameter, which is used to characterize 
the ability of rock to resist fracturing. This parameter is often used as a 
criterion for predicating fracture initiation which is fundamentally important in 
understanding the mechanical properties of rocks. Although fracture 
toughness is often considered as an intrinsic property of a rock material, it still 
can vary with many factors including geological anisotropy [3, 4], geometrical 
properties of the laboratory-scale specimens [5-7], temperature [8], and 
loading conditions [9, 10]. As such, a comprehensive description of the 
possible variation of fracture toughness arising from those factors is of great 
importance for a better understanding of the mechanical behaviour of 
anisotropic rocks, as well as for a proper selection of pressure and viscosity of 
liquid used for fracturing anisotropic rocks.  
For transversely isotropic rocks (a typical form of anisotropy) with bedded 
layers (i.e., planar anisotropy), the magnitude of fracture toughness differs 
with respect to the relative orientation between the pre-existing cracks and the 
transversely isotropic bedding planes. Also, the weakness planes can divert 
fracture propagation, leading to a complex fracture pattern [11]. For example, 
Na et al. [4] numerically explored the effects of orientation and length of pre-
  
existing cracks, as well as thickness of bedding planes on the fracture pattern 
of Mancos shale in Brazilian tests and concluded that geological anisotropy 
significantly affected fracture patterns and effective fracture toughness (EFT). 
It was also revealed from that study that the initiation, propagation, and 
coalescence of fractures within layered geo-materials depended on local 
heterogeneity.  
Previous investigations on the fracture toughness of anisotropic rocks have 
focused on the mode I loading condition [3, 4, 12] with inadequate attention 
given to the mixed-mode (i.e., I+II) loading condition which is often seen in 
nature. Although some attempts exist [13, 14] in the study of the combined 
effects of geological anisotropy and mixed-mode loading on EFT, a 
systematic investigation is still needed since only limited scenarios were 
reported in previous studies. For example, Krishnan et al. [13] reported a 
series of fracture toughness tests on a layered sandstone under mixed-mode 
loading, however all tested specimens had their bedding planes perpendicular 
to the direction of the applied load, without considering cases with bedding 
planes parallel to the load direction. Roy et al. [14] reported a laboratory 
investigation on the mixed-mode fracture toughness of a sedimentary rock 
based on SCB specimens, in which the joint anisotropy (i.e., direct tensile 
strength) was differentiated based on the work by Shang et al. [15]. In that 
study, the anisotropic planes within the tested SCB specimens were oriented 
at a relatively small angle with respect to the loading direction, ignoring the 
cases with bedding planes perpendicular to the loading direction.  
As previously mentioned, apart from geological anisotropy and loading 
conditions, the geometrical properties of specimens used in the laboratory 
also affect fracture toughness behaviour. It is known that the fracture 
toughness of a solid material is often measured in the laboratory and there 
are several suggested specimens for the fracture toughness tests, such as 
short rod (SR) specimen, semi-circular bend (SCB) specimen and cracked 
Brazilian disk (CBD) specimen [16, 17]. SCB specimens are popular among 
others due to the comparatively easier sample machining. A variation of 
fracture toughness has been observed in previous studies for SCB specimens 
with different crack lengths. For example, Zhao et al. [18] investigated the 
  
effect of crack length on the dynamic fracture toughness of SCB coal 
specimens and found that the dynamic fracture toughness of the tested coal 
specimens increased when the crack length was increased from 4 to 10 mm. 
The effect of span length on fracture toughness may also exist but research 
on this topic is rare.  
The geometrical dimensions of SCB specimens have been recommended by 
the ISRM standard [17]. However, how the specimen dimensions within the 
suggested domain affect the magnitude of fracture toughness is not clear. In 
the laboratory measurement of fracture toughness, as a normal routine, only 
limited geometrical dimensions (in terms of specimen diameter, thickness, 
crack length and span length) of SCB specimens are used, which inevitability 
will lead to an incomplete description of the fracture toughness of targeted 
materials. Additionally, it has to be accepted that it is tedious and 
cumbersome for the preparation of SCB specimens in the laboratory when the 
influential factors described above (i.e., geological, geometrical and loading 
conditions) are considered simultaneously. 
In this paper, a broad-spectrum mixed-mode fracture toughness of an 
anisotropic SCB sandstone was reported based on a total of 340 Discrete 
Element Method (DEM) simulations. The broad-spectrum fracture behaviour 
was achieved by systematically varying the orientation of planar anisotropy, 
crack length, span length, as well as crack angle in the DEM simulations. The 
effects of the geological and geometrical factors on fracture toughness were 
investigated and discussed. The effect of incipiency of planar anisotropy 
(relative tensile strength) on failure characteristic was also discussed and 
presented. Numerical findings in the study were compared qualitatively with 
previous experimental observations, and validated quantitatively against 
theoretical predictions. 
2. Anisotropic Midgley Grit sandstone 
In the study, a series of DEM simulations were performed to reproduce the 
mechanical characteristics of medium-grained Midgley Grit sandstone (MGS), 
which is produced at the Blachhill Quarry (BQ), United Kingdom (Figs. 1a and 
1b). The MGS is from the Carboniferous Midgley Grit Formation (Fig. 1c) and 
  
ranges from fine- to very coarse-grained sandstone [15]. The medium-grained 
MGS targeted in the study presents a transverse isotropy, which can be 
illustrated by the nicely bedded planes in a core sample (see Fig.1d). A 
laboratory investigation has been reported by Shang et al. [15] in the 
measurement of the direct tensile strength of the incipient bedding planes. It 
was found that the direct tensile strength of those incipient planes varied from 
31.3 % to 87.5 % that of intact parent rock (2.08 MPa). The MGS sample 
used in that study comprised 70 % quartz, 15 % clay, 10 % k-feldspar and ~5 % 
haematite (Fig. 1e) and the unit weight of the sample is around 22.1 kN/m3. In 
this study, bedding planes with a direct tensile strength of 87.5 % that of 
parent was targeted and modelled. 
3. Numerical model setup and calibration 
3.1 Numerical model setup 
Fig. 2 shows the setup of the numerical model, in which SCB specimens with 
a single pre-existing crack were used. The setup allows the testing under 
mode I, mode II, and mixed-mode (I+II) loading conditions by simply varying 
the crack angles using the same specimen configuration and the same 
experimental set up [17]. The fracture toughness with different modes can be 
calculated from Eqs. 1-3 [10, 17]  
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where: KIc , KIIc  and KE  are mode I, mode II and mixed-mode fracture 
toughness, respectively (mixed-mode fracture toughness is also termed as 
effective fracture toughness (ETF) in the study.); T is the T-stress in SCB 
specimens; Pf is the peak load at the time of sample failure; a is the crack 
length; R denotes the sample radius and t represents the sample thickness. YI  
and YII  are dimensionless geometry factors for mode I and mode II loading 
  
conditions, respectively; and T* also is a geometry factor and values of these 
factors of SCB specimens are depended on the crack length (a), span length 
(2s) as well as crack angle (β).  
The three-dimensional Particle Flow Code which implements the DEM 
technique was used to construct the SCB specimens. Particles having a 
radius ranging between 0.8 and 1.2 mm, which follows a uniform distribution, 
were used and a total of 22666 particles were generated (Fig. 2a). A loading 
bar (red, Fig. 2) was generated on the top of the SCB specimens and two 
supporting bars (blue) were created at the bottom with varying spans (i.e., 2s). 
A constant loading rate (LR) of 0.001 m/s was applied on the loading bar to 
simulate static equilibrium state. Simulations terminated when the axial load 
(P) dropped to 70 % of peak load, and the peak load was monitored and used 
for the calculation of fracture toughness based on Eqs. 1-3. In the 
construction of the DEM specimens, two different contact models were used 
to bond the particles (see the close-up view, Fig. 2a). The flat joint contact 
model (FJCM) was used for bonding the particles of the rock matrix to 
eliminate the intrinsic drawback of the standard bonded particle model [19, 20] 
(i.e., unrealistic low compressive-to-tensile strength ratio); while the smooth 
joint contact model (SJCM) was selected for bonding the particles laying on 
the opposite side of the bedding planes to eliminate unrealistic dilation arising 
from the spherical particles [21].  
In the study, a total of 340 DEM specimens with different geometrical and 
geological properties were prepared. The specimen radius (R) and thickness 
(t) remained constant, which were 50 and 30 mm, respectively (Fig. 2). The 
crack length (a) and span length (2s) were varied within the range 
recommended by ISRM [17] (i.e., 0.4≤a/R≤0.6 and 0.5≤s/2R≤0.8). Specifically, 
the crack length were 20, 25 and 30 mm, respectively. For specimens with a 
crack length of 20 mm, a span length of 50 and 55 mm were selected 
respectively to ensure that all tested specimens having this specific crack 
length (i.e., 20 mm) can provide a complete mode of fracture toughness (i.e., 
mode I, mode II and mixed-mode I+II) [22]. Similarly, for specimens with a 
crack length of 25 and 30 mm, a span length of 50, 55 and 61 mm were 
selected, respectively.  
  
The selection of the crack angle (β) followed the relationships between the 
geometry factors (i.e., YI and YII) and crack angle for various combinations of 
a/R and s/R, which are shown in Fig. 3. The corresponding geometry factors 
of the SCB specimens used in the study are listed in Table 1 [22]. To study 
the effect of geological anisotropy on fracture behaviour, transversely isotropic 
bedding planes with three principal orientations with respect to the loading 
direction (i.e., arrester orientation, Fig. 2a; divider orientation, Fig. 2b; and 
short transverse orientation, Fig. 2c) were added into the specimens. The 
spacing of the bedding planes (d) remained the constant, which was 17.5 mm 
[23]. 
3.2 Calibration 
Calibration of the particulate DEM model in this study involved the selection of 
micro-parameters of SJCM and FJCM. As described earlier, an incipient 
bedding plane with a direct tensile strength of 1.82 MPa (87.5% intact parent 
rock strength) was mimicked in the study. The smooth joint properties 
corresponding to this bedding plane have been calibrated by Shang et al. [23] 
and are listed in Table 2. While in the calibration of FJCM, the procedure used 
by Shang et al. [19] was followed, in which uniaxial compressive tests were 
performed on medium-grained MGS specimens. Fig. 4a shows a 
representative axial stress-strain curve (black) and this curve was used for the 
calibration of FJCM. A cylindrical DEM specimen with the same size (88 mm 
in length and 37 mm in diameter) as that used in the laboratory was 
generated. The DEM specimen was uniaxially compressed at a constant 
loading rate of 0.005 m/s through a trial-and-error process until the numerical 
results matched well with the experimental results. Fig. 4a shows a 
comparison of the reprenentative stress-strain curves obtained in the 
laboratory test and DEM simulation. It can be seen that the simulated Young’s 
modulus and peak strength agreed well with those measured from the 
laboratory experiment. The laboratory sample exhibited a clear shear failure 
pattern (Fig. 4b), which was however difficult to be reproduced in the DEM 
simulation (Fig. 4c). The main reason for the discrepancy between the 
simulated and experimental failure patterns is that the micro-cracks generated 
within the flat-jointed DEM model cannot coalesce easily and particle rotations 
  
were significantly suppressed due to the existence of the flat interfaces after 
bond failure [20], thus the split shear failure is difficult to be observed in the 
flat-jointed DEM model. Table 2 shows the corresponding calibrated micro-
parameters. Apart from the above micro-parameters (need calibration), in the 
FJCM, some parameters are determined based on specific situations [19]. In 
this study, the flat-joint bonded and gapped fraction were set to 1 and 0, 
respectively, to assume that there were no initial micro-cracks in the DEM 
specimens. Minimum values of the radial and circumferential elements (1 and 
3, respectively) were used to reduce the calculation time [24]. 
To understand the failure characteristics of MGS under splitting, a numerical 
Brazilian tension test was additionally performed using the calibrated micro-
parameters listed in Table 2. A Brazilian tensile strength of 2.7 MPa was 
simulated which matched well with experimental result (2.4 MPa [15]). The 
diametrical splitting failure pattern simulated in the Brazilian test agreed well 
with that observed in the laboratory (Fig. 5), although a compression-induced 
failure close to the top platen was also observed in the experiment (Fig. 5a).  
4. Numerical results 
4.1 Axial load versus deflection 
Fig. 6 shows representative axial load-deflection plots (a/R=0.5 and s/R=0.55), 
which are typical unimodal curves. The planar anisotropy (i.e., bedding planes) 
were bedded in three principal orientations, as demonstrated by the insert 
diagrams (Figs. 6b-6d). Numerical results based on intact isotropic SCB 
specimens were included for comparison (Fig. 6a). The crack inclination angle, 
β, was varied from 0° to 46° for this case (a/R=0.5 and s/R=0.55) to allow 
different modes of fracture toughness to be involved (i.e., modes I and II and 
mixed-mode) [22].  
As shown in Fig. 6, all axial loads were increased continuously until clear 
peak loads were reached; also for most curves, the peak loads increased with 
the increase of crack inclinations. The measured peak loads were used in the 
calculation of fracture toughness, which will be presented and discussed in 
Section 4.2. It was also observed that the curves within the pre-peak regions 
  
exhibited a quasi-linear behaviour, which is similar to the experimental 
observations in the fracture toughness tests on notched deep beam 
sandstones [25] and SCB Kimachi sandstones [9]. The non-linear behavior 
(cumulative deformation) observed in the laboratory experiments can be 
related to the compaction of micro-pores [26], as well as the pre-cut cracks 
[27] within the specimens used. The present study, however, hypothesize that 
the quasi-linear behavior observed in the pre-peak region in this DEM study 
was mainly due to the insignificant closure of the cracks, since there is wide 
acceptance of the fact that compaction of rock matrix or pores observed in the 
laboratory is extremely difficult to come by in the particle-based DEM 
simulations [19, 20, 23].  
The post-peak curves in the study however exhibited three different 
responses. The first response consisted of a clear peak load and an abrupt 
load drop to the test end. This response appeared for all cases of intact MGS 
(β=0° - 46°, Fig. 6a) and few cases of horizontally bedded MGS (arrester) with 
relatively lower crack inclinations (e.g., β=0° and 10°, Fig. 6b). In literature, 
the abrupt failure response in fracture toughness experiments has been 
consistently observed [12, 25, 28], which is associated with the brittle nature 
of rocks. The second response also demonstrated a clear peak, followed 
however by significant load fluctuations until the complete failure of the 
specimens (see β=35° - 46° in Fig. 6b and β=0° - 30° in Fig. 6c). The 
observed load fluctuation was related to the strength difference between the 
bedding planes and the rock matrix, leading to a complex load-deflection 
curve. In the third response mode, two load drops in the post-peak regions 
were observed (e.g., β=45°, Fig. 6d); and the first load drop following the peak 
load was much smaller than the second one. The load fluctuations observed 
in this response was due to the fact that the vertically orientated bedding 
planes with the same direction as that of the applied load significantly affected 
the integrity of the tested specimens. Particularly, the load-deflection 
response of the case β=10° (Fig. 6d) exhibited more uncertainties, for which 
the bedding planes dominated the failure pattern, which will be examined 
further in Section 4.3.  
4.2 Broad-spectrum peak loads and effective fracture toughness 
  
The effective fracture toughness (EFT) of MGS with a broad-spectrum 
magnitudes ranging between 0.1 and 0.6 MPa m1/2 is shown in Fig. 7, where 
peak loads, in a wide range between 250 and 2000 N, are also included. The 
crack angles corresponding to mode II fracture toughness for each 
combination of s/R and a/R are marked blue in the figure. 
The simulated peak loads increased gradually with the increase of crack 
inclinations, but with different extents which was mainly affected by crack 
length, as shown in Fig. 7. A wider range of peak loads (1.0-2.0 kN, Figs. 7g 
and 7h) was observed for DEM specimens with a smaller crack length 
(a/R=0.4), in comparison with that (0.75-1.5 kN, see Figs. 7a-7c) measured by 
using the specimens with a larger crack length (a/R=0.6). The EFT, however, 
decreased gradually for all cases when the crack inclination, β, was increased 
from 0° to a specific angle reflecting mode II fracture toughness. It can also be 
seen in Fig. 7 that the DEM specimens with short transverse planar 
anisotropy exhibited relatively smaller EFT (blue dots) compared with those 
values measured using the specimens with arrester and divider planer 
anisotropy (red and green dots, respectively). Similar observations have been 
reported for Mancos shale [3]; however, in their study only mode I fracture 
toughness was investigated. Additionally, a clear load drop was observed in 
this study for the short transverse scenarios when the crack inclination β was 
increased from 0° to 10°. For example, as shown in Fig. 7e, the peak load 
measured under the mode I level (β=0°) was 0.75 kN, it was then deceased to 
around 0.43 kN when the crack inclination β was increased to 5°; a further 
decrease (just below 0.35) was observed when β=10°. After that the peak 
load was gradually increased with the increase in crack inclination. The peak 
load reduction described above was probably attributed to the deflection of 
induced fractures into weaker bedding planes, leading to a smaller peak load 
[4].   
To further understand the effects of crack length (a/R) and span length (s/R) 
on EFT, the broad range values of EFT (in Fig. 7) were plotted against mode I 
fracture toughness for different crack lengths (Fig. 8a) and span lengths (Fig. 
8b), without showing the effect of geological anisotropy. It can be seen that 
the EFT reported in this study was approximately linearly correlated with the 
  
mode I fracture toughness, irrespective of crack length and span length. More 
interestingly, somewhat larger values of EFT (0.4-0.6 MPa m1/2) were 
measured for specimens with relatively large crack length (i.e., 30 mm, sky 
blue dots in Fig. 8a); and fracture toughness of specimens with smaller cracks 
(20 mm) clustered within the range between 0.1 and 0.35 MPa m1/2 (blue dots 
in Fig. 8a). This cluster phenomenon, however, was not observed in Fig. 8b, 
where span length was differentiated.   
4.3 Failure characteristics 
Representative failure characteristics of MGS specimens under mixed-mode 
loading are shown in Figs. 9-12, where s/R=0.5 and a/R=0.55. Planar 
anisotropy was oriented in three principal orientations relative to the load 
direction and the crack inclination angle was varied between 0° and 46°. The 
failure patterns revealed in the DEM simulations were compared with 
experimental observations reported in literature. Fig. 9a shows the failure 
patterns of intact MGS specimens containing a crack with different inclinations. 
Tensile micro-cracks were marked red and shear micro-cracks were shown as 
black; and the macro-cracks were formed by the initiation and coalescence of 
the micro-cracks. Fracture initiation angle θ0 was illustrated in Fig. 9a (see 
β=40°). The numerical results in the study showed that the macro-cracks were 
induced between the tips of the pre-existing cracks and the loading points 
(see Fig. 9a); and all these macro-cracks were not planar in shape but 
showed some curvatures, which were quite similar in pattern to the 
experimental observations (Fig. 9b) [29]. Simulation results also revealed that 
the micro-mechanical failure of rock matrix/particles involved both tensile and 
shear micro-cracks (see the failure planes in Fig. 9a). This observation agreed 
with Backers et al. [30] and Backers and Stephansson [31], who argued that 
fracturing rock always involved a mixed mode pattern at micro-scale.  
The failure patterns of MGS specimens containing arrester planar anisotropy 
are shown in Figs. 10a-10i. It can be seen that the induced macro-fractures 
were similar in shape to those generated within the intact MGS specimens 
(Fig. 9a), although some slight diversion of the fracture planes can be 
observed (see Figs. 10a, 10c and 10d). The observed diversion are attributed 
  
to the geological anisotropy, i.e., the arrester bedding planes affected the 
integrity of the DEM specimens. The slight diversion in fracture plane 
orientation was also observed by Lee et al. [11] in their investigation of 
fracture toughness of veined shale (see Fig. 10k). As it is anticipated that for 
SCB specimens with arrester planar anisotropy, the induced macro-cracks did 
not divert into the weakness planes, but were developed and passed through 
the anisotropic plane (Fig. 10i). This phenomenon was similarly observed in 
other geo-materials such as bedded coal (Fig. 10j) [32] and a Chinese 
sandstone (Fig. 10m) [27].  
The failure patterns of MGS specimens containing divider planar anisotropy 
are presented in Fig. 11, in which it can be seen that the macro-fractures were 
similar in shape in comparison with those observed in Figs. 9 and 10. For the 
mode I case (Fig. 11, β=0°), the macro-fracture initiated at the tip of the pre-
existing crack but propagated with relatively large diversion compared with 
that observed in Fig. 10a, leading to an irregular-shaped macro-fracture. The 
pure mode II fracture toughness was measured when β=46° (Fig. 11); and a 
perfect curved failure plane was generated. As previously described, the 
mixed-mode fracture toughness was achieved by varying β from 10° to 45°, 
as shown in Fig. 11. To allow a 3D observation of the internal structure, a top 
view of a DEM specimen with β =30° (see Fig. 11 at the right corner) is 
presented, where particles are not shown for clarity. The bedding planes and 
the induced macro-fracture, as well as a thin section along the pre-existing 
crack are included. It clearly can be seen that the induced macro-fracture 
consisted of both tensile and shear micro-cracks (as discussed earlier); also 
the generated fracture crossed the bedding planes. It is important to note that 
although the failure patterns observed in Figs 9-11 only exhibited slight 
differences, such insignificant differences have led to a significant difference 
in the magnitude peak load, which was sensitive to the external conditions 
(Fig. 7).  
As shown in Fig. 7 and discussed in Section 4.2, much smaller peak loads 
and EFT were measured for MGS specimens having short transverse planar 
anisotropy. Some typical failure patterns of MGS specimens with short 
transverse bedding planes are shown in Fig. 12. As can be seen in this figure, 
  
for the case β=0°, the failure characteristic was very similar to that of intact 
rock (Fig. 9a, β=0°). While a significant diversion failure along an adjacent 
bedding plane was observed when β was increased up to 10° (see the close-
up view in Fig. 12, β=10°). The diversion failure has led to a dramatic drop of 
peak load, as shown in Fig.7e (blue dots). However, no significant failures 
along the bedding planes were observed when β were further increased to 30° 
and 45°; instead, the macro-cracks passed through the planar anisotropy (Fig. 
12, β=30°and 45°). It is important to note that this observed failure pattern 
was depended on the strength/incipiency of bedding planes used in the study. 
A discussion in this regard will be offered in Section 6, during which bedding 
planes with a smaller tensile strength was examined. Another interesting 
observation was that the fracture initiation point for case β=45° (Fig. 12) was 
not exactly from the tip of the pre-existing crack but from the side which was 
slightly below the tip. This type of complex fracture propagation was also 
observed by Lee et al. [11].  
To further understand the deformation of the MGS specimens under mixed-
mode loading, an example of velocity distribution of particles is shown in Fig. 
13, with an emphasis of the areas close to the pre-existing cracks (shown in 
the close-up views). The particles are shown as arrows with directions. As can 
be seen in Fig. 13a, the velocity of particles was not equally distributed; the 
particles around the pre-existing crack on the top section of the specimen 
exhibited a much smaller velocity (~1.0e-3 ms-1) compared with that of 
particles (~1.0e-2 ms-1) on the base of the specimen. As can be anticipated 
that the particles on the two sides of the pre-existing cracks moved in 
opposite directions, leading to the gradual opening of the pre-existing cracks, 
thereby the generation of the macro-fractures. For the specimens with 
bedding planes distributed in arrester (Fig. 13b) and divider (Fig. 13c) 
orientations, the velocity directions of the particles were affected by the 
orientations of the bedding planes and the magnitudes of the particle velocity 
of these two cases increased in general in comparison with that observed in 
Fig. 13a. For the case with the short transverse oriented beds (Fig. 13d), a 
larger range of particle velocity was observed for most of the particles (up to 
  
3.2 e-2 ms-1, represented by yellow arrows), which probably can be attributed 
to the deformation of the short transverse bedding planes.  
5. Theoretical analysis of the mixed-mode fracture behaviour of MGS 
and comparison study 
In literature, several fracture criteria have been proposed and used to predict 
mixed-mode fracture behaviour of solid materials [10, 33-36]. In this section, 
the mixed-mode fracture toughness of semi-circular MGS specimens was 
examined by using four different fracture criteria, which are based on stress 
and strain analysis, and the analysis of energy density. Specifically, the 
mixed-mode fracture toughness was expressed in the form of KIc/KE (for 
comparison purpose) based on the criteria including generalized maximum 
tangential stress (GMTSS) criterion, conventional maximum tangential stress 
(CMTSS) criterion, generalized maximum tangential strain (GMTSN) criterion 
and generalized average strain energy density (GASED). The predictions of 
fracture initiation angle and effective fracture toughness required to validate 
the numerical results were reported.  
5.1 Prediction of mixed-mode fracture behaviour based on fracture 
criteria 
5.1.1. Fracture behaviour predictions based on the GMTSS and CMTSS 
criteria 
According to the Linear Elastic Fracture Mechaincs (LEFM), the elastic 
tangential stress,  , in the vicinity of a crack tip subjected to mixed-mode 
loading can be written as [36] 
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where r and θ represent the polar coordinates with the origin at the crack tip.  
In the GMTSS criterion, it is assumed that crack growth initiates radially from 
the crack tip along a specific direction of θ0 (i.e., fracture initiation angle). 
Crack extension takes place when the tangential stress σθθ along θ0 and at a 
critical distance rc from the crack tip reaches a critical value σθθc. Both rc and 
  
σθθc are assumed to be material properties (i.e., they are constants for a 
specific solid material). It is noted that the CMTSS criterion only takes into 
account the singular term (i.e., 2
I II
1 3
cos ( cos sin )
2 2 22 r
K K
 


 ) in Eq. (4) 
[37]. However in the GMTSS criterion, the effect of T-stress is also considered 
in addition to the singular term. 
According to the GMTSS criterion, one can obtain  
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Thus, the fracture initiation angle θ0 under mixed-mode loading is determined 
from  
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As described earier, the brittle fracture takes place when  
0( , )c cr                                             (7) 
By replacing the angle θ0 from Eq. (6) into Eq. (7), the fracture is predicted to 
initiate when 
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To further study the fracture initiation angle and onset fracture, two biaxiality 
ratio, B and α, are defined as follows [36, 37]:  
E/B T a K                                          (9) 
2 cr
a
                                                   (10) 
It is noted that B is geometry factor and its values for SCB specimens with 
different a/R and s/R have been deduced by Ayatallahi and Aliha [22] and are 
shown in Table 1. 
Eq. (8) can be rewritten in terms of Bα and KIc 
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Thus, one can get 
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Replacing Eqs. (1), (2), (9), (10) into Eq. (12), the relationship between KIc 
and KE can be rewritten in terms of geometry factors YI, YII, and T* as 
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Similarly, substituting Eqs. (1) and (3) into Eq. (6), the fracture initiation angle 
θ0 under mixed-mode loading can be rewritten in terms of geometry factors YI, 
YII, and T* as  
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Thereby the Eqs. (13) and (14) can be used to predict the mixed-mode 
effective fracture toughness KE and the fracture initiation angle θ0, 
respectively. The CMTSS criterion can be obtained when T* in the Eqs. (13) 
and (14) are ignored (i.e., T*=0).  
5.1.2. Fracture behaviour prediction based on the GMTSN criterion 
It is also known that the elastic radial stress, σrr , in the vicinity of a crack tip 
subjected to mixed-mode loading can be written as [36] 
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According to the Hooke’s Law and combining Eqs. (4) and (15), the tangential 
strain,  , in the vicinity of the crack can be written as  
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where 1/ (1 )k    represents plane stress condition and  (1 )k    stands for 
plane strain condition; E and   are the Young’s modulus and Poisson’s ratio, 
respectively. 1
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and 2
3( )= cosf k  .  
According to the GMTSN criterion, crack growth initiates radially from the 
crack tip along the direction of θ0; and crack extension takes place when the 
tangential strain   along θ0 and at a critical distance rc from the crack tip 
attains a critical value c . Both rc and c are assumed to be material 
properties. The GMTSN criterion can be expressed as 
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Replacing Eq. (16) into Eq. (17), the fracture initiation angle θ0 in terms of 
geometry factors ( IY and IIY ) can be written as 
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Substituting the fracture initiation angle θ0 (obtained form Eq. 18) and Eqs. (2) 
(9) and (10) into Eq. (16), one can obtain 
0 0 I 1 0 II 2 0 E 3 0
2 (1 )[ ( ) ( ) ( )]cE r K f K f B K f                     (19) 
For the conventional mode I loading condition, I Ic II, 0K K K  and 0 0  , the 
following equaiton can be obtained according to Eqs. (17) and (19). 
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Combining Eqs. (19) and (20), one can obtain  
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Dividing both sides of Eq. (21) by KE, the mixed-mode fracture (in the form of  
I
E
cK
K
) can be predicted and written in terms of geometry factors ( IY and IIY ) as 
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5.1.3. Fracture behaviour prediction based on the GASED criterion 
For the plane elasticity problems, the strain energy density function,dW/dV , 
stored in an element can be written as [38] 
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where G is the modulus of rigidity and it is known that / 2(1 )G E   . m is an 
elastic constant and 
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for plane strain and plane stress 
problems, respectively.   
According to Smith et al. [36] and the Airy stress function proposed by 
Williams [39], the stress r  in the vicinity of a crack tip subjected to mixed- 
mode loading can be written as  
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The average strain energy density factor S, reflecing the strength of the 
elastic energy field in the vicinity of the crack tip, is defined as [38]  
 dW/dVS r                                                (25) 
Substituting the stress components from Eqs. (4), (15), (23) and (24) into Eq. 
(25), the following can be derived 
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According to the GASED criterion, crack growth initiates radially from the 
crack tip along the direction of θ0 where the amount of the strain energy 
density factor is minimum at a critical distance rc from the crack tip. The 
GASED criterion can be expressed as 
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Thus the fracture initiation angle θ0 can be determined and written in terms of 
the geometry factors ( IY and IIY ) using the following equations  
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According to the GASED criterion, fracture takes place when S reaches its 
critical value Sc  
S= Sc                                                     (31) 
Substituting the fracture initiation angle θ0 (obtained form Eq. 29) and Eqs.  
(2), (9), (10) and (26) into Eq. (31), the fracture can be predicted by  
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Sc is a constant material property and as described by Sih [35], this property 
can be expressed by  
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Dividing both sides of Eq. (34) by KE
2, the mixed-mode fracture (in the form of 
I
E
cK
K
) can be predicted and written in terms of geometry factors ( IY and IIY ) as 
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5.2 Comparing the theoretical predictions of mixed-mode fracture 
behaviour with that from DEM simulations  
Figs.14-16 show the infered fracture initiation angle and EFT (in the form of 
KE/KIc) for different combinations of a/R (0.4, 0.5 and 0.6) and s/R (0.5, 0.55 
and 0.61). For comparison, the previously reported DEM results are included 
in those figures and shown as scattered dots. As shown in Fig.14 (a/R=0.4; 
s/R=0.5 and 0.55, respectively), the DEM simulation results in terms of 
fracture initiation angle (Figs. 14a and 14c) and EFT (Figs. 14b and 14d) 
agreed in broad with the predictions by the GMTSS, GMTSN and GASED 
criteria. Nevertheless, slightly larger discrepancies between the theoretical 
and numerical predictions still can be observed when the crack angle was 
between 20° and 35° for the case a/R=0.4 and s/R=0.5 (Fig. 14b), as well as 
when the crack angle was larger than 50° for the case a/R=0.4 and s/R=0.55 
(Fig. 14d). Almost without exception, the CMTSS criterion overestimated EFT 
and underestimated the fracture initiation angle.  
A relatively large degree of discrepency between the theoretical predictions 
and the numerical results can be observed when a/R was increased to 0.5 
(Fig.15), especially when s/R=0.55. For example, as can be seen in Figs. 15b, 
15d and 15f, the DEM predicted KE/KIc (scattered dots) for the specimens with 
different orientations of planar anisotropy almost lay between the predictions 
by the GMTSS criterion and the CMTSS criterion.This observation indicated 
that the influence of geological anisotropy on fracture behaviour of the SCB 
specimens used in the study became larger when the crack length a was 
increased to the half of the specimen diameter R. It also can be seen that, for 
specimens with short transverse planar anisotropy, three unexpected values 
of KE/KIc were numerically obtained (between 0.5 and 0.7) when crack angles 
  
were 5°, 10° and 15°, respectively (Fig. 15d), which were much lower than the 
theoretical predictions (0.83-0.98).  
As shown in Fig. 16, a better match between the simulated fracture behaviour 
and theoretical predicitons can be seen when a/R was increased further to 0.6, 
where s/R was varied from 0.5 to 0.61. Again, the CMTSS criterion exhibited 
poor performance in the prediction of fracture behaviour compared with the 
other three criteria (i.e., GMTSS, GMTSN and GASED criteria).  
6. Discussion  
The fracture toughness of rock materials can be measured in the laboratory 
using the specimens recommended by ISRM (i.e, SCB, SR and CBD 
specimens). The reliability of the laboratory-scale measurements however can 
be affected by many factors including geological anisotropy [3], geometrical 
properities of the specimens used [6], as well as experimental setup [17]. This 
fact is widely acknowledged, however it still lacks a systematic study on how 
these factors affect the fracture behaviour of anisotropic rocks. As such, in 
this study a comprehensive numerical analysis of the fracture behaviour of 
MGS was conducted and a broad-spectrum mixed-mode fracture toughness 
of this lithology was reported based on a total of 340 DEM simulations. The 
influences of planar anisotropy orientation, length and angle of the pre-
existing cracks, as well as span length were considered in the DEM simulation. 
The DEM results were compared quantitatively with theoretical predictions 
and qualitatively with previous experimental observations.  
Although a broad agreement has been observed in the comparison study 
(Figs. 14-17), some discrepancies still existed, especially for the cases when 
a/R=0.5 (Figs. 15b, 15d and 15f). The observed discrepancies can probably 
be related to: (1) the ignorance of the influence of geological anisotropy on the 
fracture behaviour of solid materials by the current fracture criteria [34, 36, 38]; 
and (2) the inherent limitations of the DEM code used in the study (for 
example, the spherical assembles were used in the present simualtion to 
represent real rock matrix, which is an assumption) [20, 21]. The frustrating 
performance of the CMTSS criterion in the prediciton of fracture behaviour 
  
was also noted in this study, which is mainly due to the ignorance of the non-
singular term in that criterion (i.e., the T-stress shown in Eqs. 13 and 14) [37]. 
Additionally, a diversion failure of fracture from rock matrix to pre-existing 
bedding planes was observed for short transverse bedded specimens with a 
relatively small crack inclination angle (i.e., β<15°), which has led to a distinct 
peak load drop (Fig. 7, blue dots). However, the diversion failure was not 
observed for arrester and divider bedded specimens, as well as for short 
transverse bedded specimens with a relatively high crack inclination angle 
(i.e., β>15°). It is important to note that the bedding planes with a tensile 
strength of 87.5 % that of parent rock was modelled in the study, thus the 
above failure observation only applies to the anisotropic rocks with relatively 
high tensile strength bedding planes/planar anisotropy.  
Additional DEM fracture toughness simulations based on the SCB sepcimens 
(a/R=0.5 and s/R=0.55) containing short transvese bedding planes with a 
relatively low tensile strength (i.e., bedding planes with a tensile strength of 
31.3 % that of parent rock were used [23, 40] ). The corresponding micro-
parameters of the low-strength bedding plane within MGS has been reported 
by Shang et al. [23] and are listed in Table 2. The numerical scheme is the 
same as that described in Section 3.1. The relationship bewteen the axial load 
and deflection of the four additional simulations is shown in Fig. 17, with the 
simulated failure patterns (Figs. 17b-17e) and corresponding experimental 
observations included (Figs. 17f-17h) (The experiment was reported by Roy et 
al. [14]). It can be seen that the peak load increased with the increasing of the 
crack inclination angles (β from 0° to 46°, Fig. 17a). As expected, one planar 
failure plane was generated within the rock matrix when  β=0° (Fig.17b), 
which was very close to the observed patterns shown in Fig.12 (β=0°). At 
β=20° (Fig.17c), a non-planar failure plane was induced, with a combination 
failure of the adjacent bedding plane (the failure of bedding planes was 
represented by the pure tensile micro-cracks shown in red) and the rock 
matrix close to the loading point. This failure pattern was close to that shown 
in Fig. 17h, in which the cement joint planes with a similar tensile strength to 
that of our weak bedding planes were used in the laboratory [14]. Notably, “Z”-
shaped failure planes were obseved when β were increased up to 30° (Fig. 
  
17d) and 46° (Fig.17e), respectively. In these two cases, fractures initiated at 
the pre-existing crack tips, and then propagated within the rock material 
before reaching the adjacent bedding planes. The pure tensile failures of the 
bedding planes were then observed (red micro-cracks in Figs.17d and 17e), 
followed by the failures of the rock materials close to the loading points. 
Similar observations were achieved by Roy et al. [14] in the laboratory (see 
Figs. 17f and 17g). It shoud be noted that the origin of the “Z”-shaped failure 
pattern observed in the study was largely dependent on the relative tensile 
strength of the planar anisotropy to that of the parent rock.  
7. Conclusions 
In this paper, a broad-spectrum mixed-mode fracture behaviour of an 
anisotropic sandstone was reported based on a 3D DEM study, where the 
ISRM-suggested SCB specimens with different geological and geometrical 
conditions (i.e., a combination of a/R, s/R, β and orientation of planar 
anisotropy) were used. The numerical findings of the study were validated 
against experimental observations and theoretical predictions and a good 
agreement was observed. Results of the study allow a new insight into the 
possible variations of the fracture toughness of anisotropic rocks (arising from 
the factors mentioned above). The main conclusions of this study are shown 
as follows: 
(1) The axial load-deflection curves obtained in this numeircal study exhibited 
three different responses in the post-peak region: 1) one abrupt load drop (for 
all specimens without planar anisotropy and few specimens with arrester 
oriented planar anisotropy); 2) significant load fluctuations until the complete 
failure of specimens (for most specimens with arrester and divider oriented 
planar anisotropy); and 3) two load drops (for most specimens with short 
transverse oriented planar anisotropy).  
(2) A broad-spectrum effective fracture toughness (EFT) of Midgley Grit 
sandstone was revealed, which were between 0.1 and 0.6 MPa m1/2. The 
DEM specimens with short transverse planar anisotropy exhibited relatively 
small EFT in comparison with those measured using the specimens with 
arrester and divider planer anisotropy. Furthermore, a distinct drop of EFT 
  
was observed in this study for the short transverse bedded specimens when 
the crack inclination β was increased from 0° to 10°.  
(3) It was also concluded that the EFT of Midgley Grit sandstone was 
approximately linearly correlated with the mode I fracture toughness, 
irrespective of geological and geometrical conditions. Also, somewhat larger 
values of EFT (0.4-0.6 MPa m1/2) were measured for the specimens with 
relatively large crack length (i.e., 30 mm in the study), in comparison with 
those values (0.1-0.35 MPa m1/2) measured using the specimens with smaller 
crack length (20 mm in the study). The effect of span length on the magnitude 
of EFT was not significant.  
(4) For the SCB specimens with a higher tensile strength planar anisotropy 
(1.82 MPa), the failure characteristics of the specimens in this study exhibited 
a similar pattern. The non-planar macro-fractures induced in the DEM 
specimens passed through the anisotropic planes, except for a few 
specimens containing short transverse planar anisotropy with a relatively low 
crack inclination angle (β<10°), for which the diversion failure from the rock 
matrix to the weak planar anisotropy was observed. For specimens with a 
lower tensile strength anisotropic plane (0.65 MPa in the study), a much more 
complex failure pattern was observed for specimens containing short 
transverse planar anisotropy. A complex combination failure of rock matrix 
and planar anisotropy was observed, leading to a “Z”-shaped failure plane. 
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Fig Captions:  
Fig. 1 Location (a) and (b) and simplified geological map (c) of the Blackhill 
Quarry (UK), where the anisotropic Midgley Grit sandstone (d) is mined. (e) A 
photomicrograph of thin section showing the mineralogy of the Midgley Grit 
sandstone.  
Fig. 2 Numerical setup of semi-circular bend MGS specimens with three 
principal orientations of planar anisotropy: (a) arrester; (b) divider and (c) 
short transverse. Close-up of flat joint and flat joint contacts is shown in (a). 
See text for more details about the geometrical parameters.  
Fig. 3 Geometry factors (YI, YII, T* and B) for SCB specimens with various 
combinations of s/R and a/R. The crack inclinations corresponding to the 
mode II fracture toughness for each combination are marked in red. (Adapted 
from [22]) 
Fig. 4 (a) Comparison of unconfined stress-strain curves of MGS from 
laboratory test and DEM simulation; (b) failure pattern of an intact MGS after a 
uniaxial compression test; and (c) failure pattern of a DEM specimen 
uniaxially compressed.  
Fig. 5 Comparison of the failure patterns of Brazilian tests: (a) laboratory test 
and (b) DEM simulation.  
  
Fig. 6 Representative axial load-deflection curves of SCB specimens under 
mixed-mode loading (a/R=0.5 and s/R=0.55). (a) Intact MGS specimens 
without planar anisotropy and MGS specimens containing planar anisotropy 
with three principal orientations: (b) arrester, (c) divider and (d) short 
transverse.  
Fig. 7 Broad-spectrum peak loads and effective fracture toughness of 
anisotropic semi-circular MGS specimens with various combinations of a/R, 
s/R and β.  
Fig. 8 Effective fracture toughness against mode I fracture toughness for 
different crack lengths (a) and span lengths (b).  
Fig. 9 Failure patterns of SCB sandstone specimens without planar 
anisotropy: (a) DEM simulations of MGS and (b) laboratory tests on a Chinese 
sandstone [29]. The fracture initiation angle θ0 is illustrated on the failed DEM 
specimen at β=40°. 
Fig. 10 (a) Failure characteristics of semi-circular MGS specimens containing 
arrester planar anisotropy and crack inclination was varied from 0° (a) to 46° 
(h) in the DEM simulations. A 3D view showing the arrester bedded planar 
anisotropy and the induced fracture was presented without showing the 
particles (i). Failure patterns of three different geo-materials with arrester 
planar anisotropy were included for comparison: (j) bedded coal [24]; (k) 
veined shale [11] and (m) a bedded Chinese sandstone [27]. 
Fig. 11 Failure characteristics of semi-circular MGS specimens containing 
divider planar anisotropy. A 3D top view of the failed specimen with β =30° is 
presented without showing the particles.  
Fig. 12 Typical failure patterns of MGS specimens with short transverse 
planar anisotropy.  
Fig. 13 An illustration of particle velocity (at micro-scale) of semi-circular MGS 
specimens under mixed-mode loading: (a) a cracked specimen without planar 
anisotropy (β=30°); cracked specimens with arrester (b), divider (c) and short 
transverse (d) planar anisotropy. The particles are shown as arrows with 
orientations.  
  
Fig. 14 Comparison of the numerical results and theoretical predictions: 
Fracture initiation angle versus crack angle for (a) a/R=0.4, s/R=0.5 and (c) 
a/R=0.4, s/R=0.55; and effective fracture toughness (in the form of KE/KIc) 
against crack angle for (b) a/R=0.4, s/R=0.5 and (d) a/R=0.4, s/R=0.55. 
Fig. 15 Comparison of numerical results and theoretical predictions: Fracture 
initiation angle versus crack angle for (a) a/R=0.5, s/R=0.5; (c) a/R=0.5, 
s/R=0.55; and (e) a/R=0.5, s/R=0.61; as well as effective fracture toughness 
(in the form of KE/KIc) against crack angle for (b) a/R=0.5, s/R=0.5; (d) 
a/R=0.5, s/R=0.55; and (f) a/R=0.5, s/R=0.61. 
Fig. 16 Comparison of numerical results and theoretical predictions: Fracture 
initiation angle versus crack angle for (a) a/R=0.6, s/R=0.5; (c) a/R=0.6, 
s/R=0.55; and (e) a/R=0.6, s/R=0.61; as well as effective fracture toughness 
(in the form of KE/KIc) against crack angle for (b) a/R=0.6, s/R=0.5; (d) 
a/R=0.6, s/R=0.55; and (f) a/R=0.6, s/R=0.61. 
Fig. 17 (a) Axial load versus deflection of four MGS specimens with weaker 
short transverse planar anisotropy (i.e., the bedding planes with a direct 
tensile strength of 31.3 % that of the parent rock). (b) - (d) Failure patterns of 
the four additional simulations and (f)-(h) similar failure patterns observed by 
Roy et al. [14] in their laboratory experiments.  
 
 
 
  
 
 
 
  
 
 
 
  
 
 
 
  
 
 
 
  
 
 
 
 
 
  
 
 
 
 
  
 
 
 
  
 
 
 
  
 
 
 
  
 
 
 
  
 
 
 
 
  
 
 
 
 
 
 
 
  
 
 
 
 
  
 
 
 
  
 
 
 
  
Table 1 Geometry factors of SCB specimens with various crack inclinations (Raw data extracted from Fig. 3 and [22]).  
a/R=0.4 
s/R=0.50 s/R=0.55  
β (°) YI  YII T*  B β (°) YI  YII T*  B      
0 2.950 0 -0.858 -0.234 0 3.428 0 -0.699 -0.217      
5 2.901 0.287 -0.725 -0.218 5 3.329 0.287 -0.566 -0.184      
10 2.736 0.552 -0.433 -0.117 10 3.164 0.552 -0.274 -0.083      
15 2.472 0.743 -0.022 0 15 2.884 0.753 0.123 0.017      
20 2.142 0.930 0.561 0.253 20 2.554 0.950 0.721 0.270      
25 1.747 1.037 1.132 0.541 25 2.175 1.061 1.265 0.558      
30 1.335 1.091 1.637 1 30 1.780 1.111 1.823 0.897      
35 0.956 1.084 2.168 1.577 35 1.368 1.110 2.287 1.339      
40 0.527 1.030 2.606 2.273 40 0.989 1.053 2.699 1.882      
45 0.214 0.936 2.991 3.157 45 0.626 0.959 3.017 2.629      
48.5 0 0.820 3.156 3.852 50 0.329 0.835 3.296 3.649      
     55 0.098 0.680 3.415 4.975      
     57.5 0 0.602 3.402 5.412      
a/R=0.5 
s/R=0.50 s/R=0.55 s/R=0.61 
β (°) YI  YII T*  B β (°) YI  YII T*  B β (°) YI   YII T*  B 
0 3.501 0 -1.018 -0.332 0 3.997 0 -0.740 -0.210 0 4.550 0 -0.444 -0.096 
5 3.356 0.367 -0.870 -0.312 5 3.914 0.375 -0.592 -0.170 5 4.385 0.370 -0.222 -0.055 
10 3.191 0.702 -0.444 -0.170 10 3.584 0.697 -0.129 -0.049 10 4.198 0.707 0.121 0.026 
15 2.758 0.983 0.148 0.011 15 3.212 0.971 0.444 0.112 15 3.825 0.982 0.727 0.172 
20 2.262 1.167 0.796 0.274 20 2.778 1.146 1.092 0.355 20 3.266 1.169 1.373 0.380 
25 1.787 1.306 1.481 0.598 25 2.303 1.297 1.666 0.638 25 2.811 1.319 2.080 0.651 
30 1.188 1.334 2 1.083 30 1.725 1.334 2.296 1.043 30 2.189 1.343 2.606 0.986 
35 0.610 1.310 2.370 1.630 35 1.147 1.302 2.722 1.549 35 1.672 1.322 3.01 1.405 
  
Note: Crack angles in red correspond to mode II fracture toughness for each combination of a/R and s/R.  
 
 
 
 
 
 
40 0.073 1.248 2.666 2.135 40 0.631 1.228 3.055 2.236 40 1.133 1.268 3.292 1.907 
41 0 1.128 2.526 2.058 45 0.135 1.106 3.296 2.945 45 0.636 1.121 3.515 2.683 
     46 0 1.085 3.398 3.012 50 0.221 0.979 3.656 3.628 
          53 0 0.895 3.412 4.152 
a/R=0.6 
s/R=0.50 s/R=0.55 s/R=0.61 
β (°) YI  YII T*  B β (°) YI  YII T*  B β (°) YI  YII T*  B 
0 4.792 0 -0.973 -0.208 0 5.451 0 -0.434 -0.117 0 6.139 0 0.086 0.019 
5 4.610 0.528 -0.640 -0.147 5 5.269 0.528 -0.153 -0.071 5 6.017 0.528 0.368 0.065 
10 4.129 0.973 0.040 -0.010 10 4.788 0.973 0.544 0.080 10 5.536 0.973 1.118 0.186 
15 3.498 1.283 0.878 0.217 15 4.127 1.283 1.382 0.278 15 4.845 1.283 1.939 0.384 
20 2.718 1.438 1.646 0.491 20 3.286 1.442 2.202 0.552 20 4.064 1.450 2.707 0.613 
25 1.847 1.505 2.136 0.856 25 2.476 1.517 2.675 0.856 25 3.284 1.529 3.197 0.856 
30 1.007 1.505 2.399 1.221 30 1.665 1.506 2.973 1.282 30 2.443 1.521 3.513 1.252 
35 0.256 1.446 2.472 1.632 35 0.885 1.458 3.081 1.739 35 1.663 1.462 3.620 1.678 
37 0 1.435 2.495 1.658 40 0.134 1.362 3.066 2.210 40 0.942 1.374 3.658 2.256 
     41.5 0 1.335 3.125 2.326 45 0.251 1.239 3.574 2.819 
          47 0 1.210 3.508 2.846 
  
Table 2 Micro-properties for particles and inter-particle contacts 
Micro-properties Magnitude 
Particle-based and linear contact properties   
Particle radius (mm) 0.8 – 1.2  
Particle density (kg/m3) 2500 
Coefficient of particle friction 0.7 
Flat joint properties   
Installation gap  0 
Number of elements in radial direction 1 
Number of elements in circumferential direction 3 
Radius multiplier 1.0 
Initial surface gap, g0 0 
Flat joint effective modulus (GPa) 7.1 
Flat joint normal-to-shear stiffness ratio 1.5 
Flat joint tensile strength (MPa) 1.3 
Flat joint cohesion (MPa) 9.5 
Flat joint friction angle (°) 0.7 
Smooth joint properties  
Smooth joint normal stiffness (M/m3) 1e11 and 3.7e10 
Tensile strength of smooth-joint bond (MPa) 1.05 and 0.38 
Smooth joint bond normal to shear stiffness ratio 1.0 
Cohesion of smooth-joint bond (MPa) 2.1 
Smooth joint contact coefficient of friction 0.7 
 
 
 
 
  
  
 
 
Highlights 
 Broad-spectrum mixed-mode fracture toughness of an anisotropic sandstone based on a total of 340 DEM simulations. 
 Influences of crack length and angle, span length, as well as geological anisotropy on fracture behaviour. 
 Comparisons between results obtained from DEM simulations, laboratory experiments and theoretical analysis.  
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